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Abstract 



We study decorated one-dimensional quasicrystal obtained by a non-standard projection 
of a part of two-dimensional lattice. We focus on the impact of varying relative positions of 
decorated sites. First, we give general expression for the structure factor. Subsequently we 
analyze an example of extinction rule. 
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1 Introduction 

Two decades after discovery of quasicrystals studies of their decorations are still a challenge for 
crystallographers. The "cut-and-project" scheme can provide us with a structure factor for an 
(almost) arbitrarily decorated model set. Nevertheless, this technique often appears to be simply 
inconvenient, especially when it requires utilization of fractal atomic surfaces. 

There exists another method, which allows for simplification of calculations of quasicrystalline 
spectra, especially in case of decorated structures. The method is based on the concept of reference 
lattice, which focuses on the statistical description of spatial properties of atomic orderings. 
In this method each type of decorating atoms manifests itself as an additional component of the 
so-called displacement density function, which constitutes a so-called average unit cell, [21. 

This paper may be regarded as an extension of j2] . We discuss the impact of varying decoration 
on Fourier spectrum of one-dimensional quasicrystal. First, the average unit cell technique is 
briefly discussed. Subsequently, we describe the model of the structure (Section [SJ and study the 
decorations (Section . We explicitly calculate the structure factor and analyze an example of 
extinction rule. 

Let us summarize briefly the average unit cell technique. Let A C M" be Delone set and 
A' = {xi} its orthogonal projection on the scattering vector k — ^k. Let us assume that all 
the atoms have identical scattering powers /; we will release this assumption soon. Displacement 
sequence ui = xi — ||x//A|| A S [—A/2, A/2], where |ja;|| — floor(a; 4- i) is the nearest integer 
function, usually has a well deflned statistical distribution P\{u). We call u the displacement 
variable associated with the scattering vector k. The k-mode of its Fourier transform, F(k) = 
/ Px{u) exp{iku)du, gives the value of structure factor for scattering vector k S R". 

In general a separate distribution should be created for each k, but in the case when diffraction 
pattern is supported on the set of the form 
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the task may be considerably simplified. We need to compute the joint probability P{u), where 
s-component of u, (u)^, stands for the displacement variable pertaining to reference lattice induced 
by vector K^. The structure factor can be then computed as 

F{k) = / / P(u) exp(ik • u)d"u, (2) 

providing k e 

The task task gets slightly comlicated, when we are to deal with decorated structures. We 
introduce the notion of decoration sites, (2]. Decoration sites form a skeleton of the atomic 
structure. To each decoration site we assign a group of decorating atoms. The decoration sites are 
divided into subsets; we say that each decorating site in a given subset is of certain common type 
(the types are denoted by the first capital letters of alphabet: A, B , C . . .) . It is a generalization 
of classical terms - in traditional crystallography each crystal has only one type of decoration 
sites, organized in one of the Bravais lattice. The number and types of the atoms assigned to 
the site depend only of its type. The number of atoms assigned to site X is denoted by nx, 
X = A, B, C . . ., and = N, N being the total number of different decorating atoms. 

The relative number of the given type of sites in the structure is denoted by ipx ; these numbers 
are normalized: J^x"^^ ~ ^- represents the scattering power of V^^ atom in the group of 
decorating atoms corresponding to a site of type X. The position of the atom with respect to 
the site is Ax^ e K". We will use the notation = Ax, • Ks- When there is no danger of 
confusion (e.g. for one-dimensional structures) we will skip the index s. Overall displacement 
density function for our structure reads 

P{^) = ^Y.^xY.fx,yx{n-2.x,), (3) 

X 1=1 

where Vx is the joint displacement probability for the reference sites of type X and the normal- 
ization reads 01 = ^x SilJi fxi ^x ■ ax, € stands for the vector which components are a^^ ■ 
The structure factor for k G 31 is 

F{k)=m[ P(u)cxp(ik-u)d"u. (4) 
Please refer to j2] for more detailed exposition and discussion. 

2 The model of structure 

To visualize the impact of the above processes we will work with a simple one-dimensional qua- 
sicrystalline ordering; there are no obstacles to repeat the approach for the higher dimensional 
structures (see e.g. j4], where the approach was successfully used in 2D) . Our structure is built 
upon Sturmian sequence of two spacings of lengths A and S. The reference sites are placed on the 
joints between the segments. Site is of type X (either A or B) if the next site is in the distance 
X {X = A, S). Set of decoration sites 

Ao = {x,n = \\m/{a + 1)|| A+{m- \\m/{a + 1)||)S} , (5) 

where a G M \ Q. The set can be obtained using the "cut-and-project" method in a two- 
stage non-standard scheme. First, part of a square lattice is projected onto a fine with slope a 
[HIEI- Subsequently, the two interatomic lengths A and S present in the structure are adjusted 
(the adjusting process is meant to keep the atomic density constant). We set A = ^^^^^^^clq, 
ao = 1 -I- t being golden ratio, and S = A/k , k G R+ \ {1}. cr determines the sequence of 

sites and k the relative length of spacings. Easy calculations show that the relative concentrations 
of sites are ipA = 1/(1 + cr), fB~^ — '■PA- 
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Ao is incommensurately modulated crystal; its spectrum contains two incommensurate vectors, 
[3, ko = 27r/ao and qo = ^w/bo, bo = {a+l)ao. The two dimensional displacement density function 
for the atom fx, induced by these two vectors reads 

Px,{u,v) = --^S{v ~ (,u~ ax,{l ~ £,))R{'^'^Ux,cx + ax,), (6) 
ux 

where ^ = (1 + cr)/(l - k), Ux ^ (A - 'B)ipx, ca = -(-A - S)cr/(2(1 + a)) and cb = -ca/ct. 
R{x; w, xq) is the rectangle function with center xq, width w and height 1. 6{x) stands for Dirac's 
delta function. The overall density function is the weighted sum of such functions, P(u, v) = 
Ym=i fx,^xPxi (m, v)- The structure factor for k = niko + n2qo is 

nx 



X 1=1 



where 



Fx, = exp{i{Kcx + kax, )) sin {KUx/2)/{KUx/2), (8) 
K ^k- n2qs, (9) 
qs=qo{l-0- (10) 

Fx, is partial structure factor associated with given type of decorating atoms, qs will be referred 
to as shift vector. It is the basic quantity for determining of the extinction rules presented in 
Section II 

Fibonacci crystal can be obtained in the above formalism for a = 1/t and k = t, where r 
stands for golden ratio. 



3 Impact of decorations 

Let us study the impact of changing geometry of decorations. It appears that some notions 
from classical crystallography (like extinction rules and emergence of superstructure) may be also 
observed in quasicrystalline patterns. We concentrate here on the structure described in the 
Section |2l with two decorating atoms. One of them is ascribed to sites A and the second one to 
sites B, with the relative positions in respect to sites a a and as respectively. 

As it has been shown in reference Q], under special circumstances the quasicrystalline patterns 
can be periodic (both in the positions of the peaks and in their intensity), with the period being 
of integer multiplicity qs , given by equation lfT?Hl . The necessary condition for this to happen is 
that for some values of (ni,n2) e vector K, given by equation jsj, vanishes. Or, equivalently, 
there is a Bragg peak on position k = n2qs- Simple calculations show that such a situation is 
possible only in the case when k S Q. The peaks occupying positions k = n2qs are characterized 
by indexes (rii,n2) such that ni/712 = 1/(k — 1). These peaks are especially easy to investigate 
and we will focus our attention on them. 

We assume that k g Q. The structure factor for peaks such that k = n2qs, according to is 
proportional to 

ipAfAexp{in2qsaA) + ipB fs e^p{m2qsaB)- (11) 

Without any loss of generality we can take either or ob equal to arbitrary value and we take 
a A = 0. We will vary position a^. To make the total extinction of peaks n2qs possible, we will set 
the scattering powers in such a way so fx fx = 1- The structure factor becomes proportional to 

1 + exp(i7i2gsaB)- (12) 

The analysis will now focus on the impact of parameter as (the relative position of decorating 
atoms). Let us write 

n2qsaB = PTi". (13) 
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Parameter p controls the extinctions. If p is an even integer, peak on position n2qs has intensity 
1. When p is odd, the peak vanishes. Since as cannot depend on 712 we must write p = cn2 and 
therefore 



TT 

as = c— . 



(14) 



c is our control parameter. For even integer values of c the diffraction pattern is periodic with 
period qs , while for c being odd the period is 2qs . In general for c G Q the pattern is periodic with 
some integer multiplicity of qs . The periodicity is once again destroyed for c G (R \ Q) . Figures 
n] and [21 present examples of diffraction patterns for structures with the following parameters 
(7 = I/V2 and K = 2. This choice yields fco w 4.54656, qo ~ 2.66331 and qs ~ 7.20987. 
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Figure 1: Examples of patterns with integer c (please refer to the discussion in the text). Panel 
a) corresponds to c = 2, while panel b) for c = 1. The doubling of pattern period can be easily 
visible. In the case presented in b) every peak for k = 2mqs, to € Z has intensity zero, please note 
however that intensity of other peaks also changes. 
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Figure 2: Examples of patterns with non- integer c. Panel a) present the case for rational c = 3/2. 
Periodicity of the pattern is preserved, however the period may be high multiplicity of qs (here 
4qs). For irrational c (cf. panel (b)) the pattern is again non-periodic (here c = \/3). 



4 Summary 
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Let us briefly summarize our observations. We have studied extinction rule for the ID decorated 
quasicrystal induced by the change in the relative positions of decorating atoms. The exact and 
regular extinction rules are possible only for rational values of k, i.e. in the case where the patterns 
are periodic (note however that the periodicity does not mean that the pattern is supported on the 
lattice) . This observation applies however only to the case for which the atoms are placed exactly 
in the decoration sites. Once we allow them to be shifted with respect to their decoration sites the 
periodicity of the diffraction patterns might change or even be completely destroyed. Parameter c 
that controls the behavior of patterns is the ratio of the relative displacement of the atoms from 
the sites, qb — cla, and the length scale introduced by vector qs, c = {as — aA)<ls/''^- For rational 
c the pattern is periodic (with period mg^, m G 7,). The periodicity is lost for irrational value of 
c even for k g Q. Let us also note that the presented extinction rule is general in the sense that 
it applies also for the structures with irrational k. In this case however there are no peaks on the 
positions k = n2qs that could be switched off by the presented extinction scheme. 
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